The paper discusses complexity of circuit realization through Haar wavelet series. The efficiency in circuit synthesis using a method for minimization of the number of nonzero Haar coefficients by permutation of binary coordinates of indices of Haar functions is considered. Some applications of Haar wavelet transform and efficient ways of its calculation for logic domain are also discussed.
Introduction
There is an apparent renewed interest in application of the Haar wavelet transform in switching theory and logic design. [1] [2] [3] [4] [5] [6] In particular, the discrete Haar transform appears very interesting for its wavelets-like properties and fast calculation algorithms. The applications have been found in circuit synthesis, verification and testing.
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For applications of the Haar transform in logic design, efficient ways of calculating the Haar spectrum from reduced forms of Boolean functions are needed. Recently, such methods were introduced for calculation of the Haar spectrum from disjoint cubes, 10, 11 and different types of decision diagrams. 10, [12] [13] [14] [15] [16] In this paper, we extend our results from Ref. 7 and discuss the efficiency of circuit synthesis through the minimized Haar series in the number of coefficients count. We point out that the minimization of Haar series by permutation of switching variables 9 may result in further savings in circuit synthesis.
The presentation in this paper is organized as follows. In Sec. 2, we briefly review basic definitions of Haar functions and Haar wavelet series. Section 3 discusses applications of Haar wavelet series in VLSI design. Efficient ways of calculation of Haar wavelet series through decision diagram-based techniques are shown in Sec. 4 . In Sec. 5, the minimization of Haar series by reordering of variables introduced in Ref. 9 is presented. Section 6 discusses the reduction of the number of nonzero Haar coefficients by the way of examples over benchmark and random generated multiple-output switching functions. We also provide some closing remarks and suggestions for possible further work.
The Haar Transform
Multiple-output switching functions are defined as mappings f : {0, 1}
n → {0, 1} k , n, k ∈ N , N is the set of natural numbers. In what follows, it is assumed that a given multiple-output function f = (f 1 , . . . , f k ) is represented by an integer valued function
In the matrix notation, a given f is represented by a vector of function values
Non-normalized Haar functions
Definition 1. Non-normalized Haar functions of order n are defined by 8 :
In a matrix notation, the Haar functions are conveniently represented as rows of the Haar matrices of the corresponding orders. In this case, we denote the Haar functions by har(w, x), w, x ∈ {0, . . . , 2 n − 1}. Discrete Haar functions are kernel of the discrete Haar transform.
8,17
Definition 2. For a function f represented by the vector
where H(n) is the Haar matrix in the corresponding ordering and H −1 (n) is its inverse over C. It is equal to H T (n), where H T denotes the transpose of H with the corresponding normalization factor. Example 1. For f z given by the vector
the Haar spectrum is
For a given f z , the elements of the Haar spectrum are coefficients in the Haar series for f z .
Example 2.
For f z in Example 1, the Haar series is (3, x) + har(4, x) + har (7, x) .
The non-normalized Haar functions are also considered in both natural and sequency ordering. In applications of non-normalized Haar functions in switching theory and logic design, [2] [3] [4] [5] [6] 8, 12, 15, 17 it is convenient to represent the discrete Haar functions in terms of switching variables corresponding to the rows of the basic Haar transform matrix as is shown in the following example.
Example 3. For n = 3, the relationships between discrete Haar functions and switching variables ordered in the descending value of indices can be expressed as follows:
In this case, we can consider the fixed-polarity Haar expressions, 18 in the same way as the fixed-polarity Reed-Muller, 19 arithmetic, 20 and Walsh 21 expressions have been considered.
Example 4.
For n = 3, the use of the negative literal for x 3 , i.e., the permutation betweenx 3 and x 3 , results into a permutation of columns in H(3) as (0, 1, 2, 3, 4, 5, 6, 7) → (4, 5, 6, 7, 0, 1, 2, 3).
A class of differently ordered discrete Haar functions with the order of columns of H(n) determined by a permutation of bits in the binary representation of the
This approach is used in this article to minimize the hardware in circuit design using the Haar wavelet series. In this class of discrete Haar functions, the total of n! different orderings of Haar functions is considered, compared to 2 n orderings in fixed-polarity Haar expressions. These sets of orderings are disjoint, since, for example, in bits permutations, har(w, 0) is always at the first position in the set of Haar functions.
It should be noted that for a given function f , each manipulation with arguments, as different polarity of literals, and permutation of bits in binary representations, corresponds to a permutation of elements in the vector of functional values for f . Since, the Haar transform is a wavelet-like transform, permutation of functional values produces different number of nonzero coefficients in the Haar expressions for a given f . This property is exploited in Ref. 8 to minimize the cost of hardware in spectral synthesis by using Haar expressions. A method for minimization of the number of nonzero Haar coefficients for multiple-output switching functions by the total autocorrelation functions is proposed there. The method allows the total of 2 n ! possible permutations of functional values and guarantees the maximum number of pairs of equal functional values for the input vectors x = (x 1 , . . . , x n ) which differ in the value of x n .
Applications of the Haar Series in CAD VLSI
The advantages of computational and memory requirements of the Haar transform make it of a considerable interest to VLSI designers as well. For example, the authors of Refs. 2 and 3, presented a set of CAD tools to perform a switch-level fault detection and diagnosis of physical faults for practical MOS digital circuits using a reduced Haar spectrum analysis. In their system, the non-normalized Haar spectrum was used as a mean not only for diagnosing digital MOS ICs as a tool external to the circuit, but also as a possibility for a self-test strategy. The use of this set of CAD tools allowed the derivation of strategies for testing MOS circuits when memory states were encountered as a consequence of some type of faults. The advantage of using Haar functions instead of Walsh functions in CAD system based on spectral methods for some classes of Boolean functions was shown in Refs. 8 and 22. For example, the analysis in Ref. 8 shows that the spectral complexity of conjunction and disjunction increases with the number of variables, exponentially for the Walsh functions and only linearly for the Haar functions. The circuit of the spectral multiplication logic module based on Haar functions was also developed. 8, 9 It consists of a generator of basis functions, an adder, a multiplier, and the memory to store spectral coefficients. The module can be reprogrammed by changing dynamically its memory content. Such a behavior of the module is useful in realtime adaptive control systems. 9, 22 Karpovsky 8 noticed that the size of the memory block can be optimized only when the Haar basis is used. It is due to the fact that the number of nonvanishing Haar coefficients is reduced with input permutation of variables -the situation that does not exists for the Walsh basis. It should be noted that the realization of a permutation requires no special hardware. 8 Another advantage of the Haar spectrum in this and similar applications is the smallest number of required arithmetic operations. In Refs. 4-6, a VLSI design formal method for probabilistically determining the equivalence of two switching functions through Haar spectral coefficients has been
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developed. The method is reported as an alternative for equivalence checking of function that are difficult to represent completely and is based on Binary Decision Diagrams (BDDs) and Haar Spectral Diagrams (HDSs). 
Decision Diagram Technique for Calculation of the Discrete Haar Spectrum
In spite of great theoretical interest in applications of the discrete Haar transform in switching theory and logic design 8,9,17,22 exponential complexity of Fast Haar
Transform (FHT) in terms of both space and time was a restrictive factor for wider practical applications of the Haar transform. Another reason is that up to recently, there has been no efficient method to calculate Haar spectrum directly from reduced representations of switching functions, such as cubes, and compact representations of large functions, as Decision Diagrams, and vice versa. A number of recent articles considers these important issues.
7,10-16,24
Paper 24 used digital circuit output probability and its interaction with Walsh spectral coefficients to calculate the Haar spectrum. In Refs. 10 and 11, the method to calculate Haar spectral coefficients from an array of disjoint cubes for systems of incompletely specified Boolean functions is presented. Investigation of mutual relationships between Ordered Binary Decision Diagrams (OBDDs) and the Haar spectrum was done in Refs. 13 and 14. A method to calculate Haar spectrum of switching functions from Ordered Binary Decision Diagrams (OBDDs) has been presented there. The decomposition of the Haar spectrum in terms of cofactors of Boolean functions, has also been introduced in Refs. 13 and 14. Based on the above decomposition, another method to synthesize OBDD directly from the Haar spectrum has been presented in Ref. 14. A method to synthesize Free Binary Decision Diagram in quasi-optimal ordering from the Haar spectrum is shown in Ref. 12 .
Calculation of the Haar spectrum for integer-valued functions defined on finite dyadic groups of large orders was solved in Ref. 16 . Advantages of this method are due to the peculiar properties of the Haar functions in natural ordering. However, the presented algorithm applies also to the calculation of the Haar spectrum in sequency ordering. Both normalized and non-normalized Haar spectra may be determined in both orderings after a simple rearrangement in the above algorithm.
As shown in Ref. 16 , thanks to the recursive structure of the Haar matrix, the calculation of the Haar spectrum of a given function f can be performed through the Multi-Terminal Binary Decision Diagrams (MTBDD). 25, 26 It should be noticed that MTBDD is a simplified version of the Multi-Terminal Binary Decision Tree (MTBDT). The method is derived from the following considerations. It should be noted that FHT consists of n steps, each step corresponding to a variable x i in f . However, in the ith step, the processing is restricted to the subset of first 2 i output data from the (i − 1)th step. The other data remain unprocessed and are simply shifted to the output of the algorithm. In these DD methods, it is assumed that a given function f is represented depending on its range by a MTBDD. Then, in each node of DD, the basic FHT operation is performed over the cofactors f 0 and f 1 of f with respect to the variable assigned to the processed node. These cofactors are represented by subdiagrams rooted at the nodes pointed by the outgoing edges of the processed
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node. However, the mentioned property of the Haar transform, permits to restrict the calculation to the first values of the cofactors. This feature provides the efficiency of the implementation of FHT over DDs. The result of calculation at each node is stored in two fields assigned to each nonterminal node. The first field is used in further calculations, and the other field shows a particular Haar coefficient. The method will be illustrated by the following example.
Example 6. Figure 3 shows calculation of the Haar transform over MTBDTs for n = 3. In this figure, H(1) denotes that at each node, the calculations are performed as specified in the basic Haar matrix discussed in Example 3. In this figure, S denotes the Shannon decomposition performed at the nodes to assign a given function f to the decision diagram, and f (i), i = 1, . . . , 7 are function values for f .
From this consideration, it follows that the Haar spectrum for a given function f can be calculated by using the following recurrence relations applied at the nodes and cross points in the MTBDD by starting from the constant nodes
where denotes concatenation of vectors, k is the node level, v N is the value of the terminal node N , n is the number of variables and +, − and * are applied only for first elements in vectors and they denote addition, subtraction and multiplication, respectively. Finally, the Haar spectrum is determined by: (4)- (5)- (6)- (7) Another recent work on the calculation of non-normalized Haar spectra through decision diagrams is presented in Ref. 15 . This paper introduces a new data structure called the Haar Spectral Diagram (HSD) useful for representation of the Haar spectrum of Boolean functions. The natural ordering of Haar functions is used to represent the Haar transform matrix in terms of the Kronecker product providing a natural decision diagram-based representation. The resulting graph is a pointdecomposition of the Haar spectrum using "0-element" edge values. For incompletely specified functions, the Haar spectrum represented as HSDs require no more nodes that the Reduced Ordered Binary Decision Diagram (ROBDD) for the same function, and for completely specified functions, the HSD is shown to be isomorphic to the ROBDD. The latter result is important, since it shows that by operating on the Haar spectrum, no more storage is required that for the original function domain with all the information that the Haar spectral domain provides.
The Minimized Haar Series
In Ref. 9 , it is proposed to consider Haar series defined with respect to the Haar functions ordered by n! different orderings determined by the permutation of coordinates in binary representations of the indices w = (w 1 , . . . , w n ). Thus determined Haar functions may result in Haar series with reduced number of nonzero coefficients.
7,9
Example 7. The Haar matrix for the permutation of the index w = (w 3 , w 2 , w 1 ) is given by: 
Minimization of Circuit Design from Haar Series 491
Example 8. Even though it was an arbitrary function f , the results in Table 1 show that the spectra for permuted indices have different number of nonzero coefficients in the range from 4 to 6. It is obvious that using the basic principle of synthesis through Haar wavelet series with permuted indices shown in Fig. 2 will minimize the overall circuit for the function considered.
The Experimental Results
We have developed a program in C to calculate the Haar spectra for different orderings and determine for a given function f the Haar spectrum with the minimum number of nonzero coefficients. Table 2 compares the number of nonzero Haar coefficients for the initial ordering and the ordering producing the minimum number of coefficients for some mcnc benchmark switching functions. In this table, each output of a multi-output function is minimized separately. Table 3 shows the minimization when the multi-output functions are represented by integer-valued functions derived by summation of outputs multiplied with the coefficients 2, i ∈ {0, . . . , k − 1}, where k is the number of outputs. In these examples, savings in the number of the Haar coefficients, range from 5.25% to 99.41%. Similar savings may be expected in the number of gates in circuit realizations from the Haar series.
Circuit design
The following example explains the advantage of the proposed method to circuit design from reduced Haar series.
Example 9. The realization of the mcnc benchmark function con1 requires to store and work with 38 nonzero Haar coefficients. However, the optimization procedure reduces the number of coefficients to 12 for the ordering of indices, that corresponds to the following order of variables in f , x 3 , x 4 , x 7 , x 2 , x 1 , x 6 , and x 5 , which in this case, makes about 62% of saving in space for the Haar coefficients. Table 4 shows nonzero coefficients. It should be noted that permutation of Haar functions does not require a hardware overhead. Figure 4 shows the realization for con1 using the reduced Haar series. In this figure, ⊗ denotes multiplication of the Haar coefficients with the Haar functions. 
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Closing Remarks
Spectral methods offer alternative solutions for many practical problems in logic design and VLSI. In particular, the Haar transform appears very useful due to simple computation and for its wavelets like structure and related properties. As most of spectral methods use until now the Walsh transform, 8, 9, 17, 22 relationship between Haar and other known transforms have been of great interests and are investigated in many recent articles.
27-29
In this paper, we considered minimization of hardware in logic circuit design by exploiting the properties of the Haar transform. Experimental considerations show that minimization of the Haar spectra by permutation of binary coordinates of indices of the Haar functions may result in considerable savings in the number of gate counts at the price of hardware overhead consisting of the circuitry for permutation of input variables. Generalizations of the proposed method to synthesis of multiple-valued functions by different generalizations of the Haar functions 30, 31 are straightforward.
